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1 Introduction

For n € N let ¢, be a primitive nth root of unity and D™ the multiplicative
group generated by the elements 1 — ¢* with k& # 0 mod n modulo roots
of unity in order to avoid torsion. We call D™ the group of cyclotomic
numbers. This group and its subgroups, especially the group of cyclotomic
units, have been often subject of investigation (see [1], [4], [5], [6], [7], [10],
...). Here, we focus on the relations between the generators 1 — e*.

In D™ there are two types of relations which we call the obvious relations.

e Relations arising by relative norms in cyclotomic fields. They can be
deduced from the polynomial identity

(1) [[Q—=ze)=1—2a?

where p is a prime, by inserting an appropriate root of unity for x.

e Relations arising by complex conjugation:

(2) I—e,=—en(l—€,) = —e(1 —€1).

Surprisingly, Ennola gave in [4] for n = 105 a relation that is not generated
by the obvious relations. In the following we will call such a relation an
Ennola relation. Schmidt investigated in [7] the gap between the obvious
relations and all relations. He connected this gap to cohomology groups
which have been computed in [9].

Here, we will give explicit algorithms on how to construct all Ennola rela-
tions in D™ for an arbitrary n. This will be done in a general context. We
consider a free Z-module M with an involution ¢ operating on it and intro-
duce algorithms focusing on the construction of special bases of M, the so
called o-bases, that lead to generators of the torsion group of M/(1 —o)M
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and M/(1+ o)M. Then we introduce a module £(n) for which we have by
[2] an exact sequence

(3) 0— T(n)— L(n)/(1—0)L(n) — D™ -1

where T'(n) is the torsion group of £(n)/(1 — o)L(n). The relations in (1)
correspond to relations in £(n) and the relations in (2) correspond to the
factorisation by (1—¢)L(n). Thus, the Ennola relations are implicitly given
in the torsion group 7'(n), and the construction of a o-basis of £(n) allows
the construction of the elements of T'(n) explicitly.

In the last two sections we present similar results for the group of relative
cyclotomic numbers and the Stickelberger ideal.

2 o-bases

In the following all modules are finitely generated Z-modules. When we
speak of a basis we mean a Z-basis. We assume further that an involution
o operates on each module. The homomorphisms between two modules
will be always compatible with the action of 0. So, we will have in fact
Z[o]-modules and Z[o]-homomorphisms.

For a set B, a module M and a mapping & : B — M we say that B induces
a basis of M if the set {£(b); b € B} is a basis of M. Saying that some set is
a basis of M includes that M is free. Further, we assume that an involution
o operates on each module.

A o-basis of a module M is defined as a triple [E°, ET, E~] of subsets of M
such that the union B = E°UcE° U ET U E~ is disjoint, B is a basis of M
and the two conditions

(i) ce =efore e ET
(i) ce = —e for e € £~

hold. We write B = [E°, ET, E~] for short, regarding the triple as a subset
of M. Note that a o-basis is always a weak o-basis as it is defined in [2].
Note also that every free module has a o-basis (see Remark 2.8).

In the following we state some results about o-bases and give algorithms
how to construct them. The proofs of the lemmata and the verification of
the algorithms can be done straightforward. For details see [3].
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Lemma 2.1 The set (1 —o)E°U E" is a basis of kery(1+ o) and the set
(1+0)E°U E~ is a basis of kerp (1 — o).

Lemma 2.2 The set E~ generates the torsion group of M /(1 —o)M, that
means the torsion elements are of the form Y .cp- 0 + (1 — o) M with
de € {0,1}. Similarly, Et generates the torsion group of M/(1+ o)M.

Remark 2.3 The values m™ = m* (M) = |ET| and m™ =m~ (M) = |E~|
are invariants of M. They are independent of a special choice of ET or E~.
More concretely, m™ is the dimension of the Fy-vector space H(a, M), and
m~ is the dimension of H' (o, M).

Algorithm 2.4 Let C = [F°, F*, F~] be a o-basis of another module L.
Then [G°,G*,G7] C M x L with

G'=(E°x CYU(E* x FO)YU (E~ x FY),
Gt =(EtxFt)U(E~ x F7),
G =(EtxF)U(E™ x FT)
induces a o-basis of M & L.
A direct consequence of Algorithm 2.4 is the following lemma.

Lemma 2.5 Fori=1,...,r let M; be a module with a o-basis [E?, (0, E].
The repeated application of Algorithm 2.4 leads to a o-basis [F°, F~, FT| of

Ft=E[ x---x E- and F~ =0 if r is even,
Ft=0and F- = E] x---x E” if r is odd.
Algorithm 2.6 Given sets B, C' and an ezxact sequence of modules
(4) 0O—-M-—-L—-K-—0

such that B is a o-basis of M and O # C C L induces a o-basis of K. We
show how to construct sets B’ and C' such that
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(i) B'is a o-basis of M' = (B'),

(ii) C" is a o-basis of K' = (C"),
(iii) The sequence 0 — M’ — L — K' — 0 is exact,
(i) |C'| <]C].

We write B = [FY, F*,F~| and C = [E°, EY,E~]. Without loss of gen-
erality we assume that M is a submodule of L. If E° # (0 we define
B = [FPUE FT F~] and C' = [0, ET,E~]. Otherwise we choose an
e € C and set C' = C \ {e}. The basis B = [G°,G*,G™| is now defined
through the following cases.

c € ET: We have ¢ — oc € kerp (1 + o) C M. Therefore, by Lemma 2.1,
we find a € M and F' C F~ such that ¢ —oc = (1 — 0)a + > e b.
Let f =c—a.

If F' =0 we define G° = F°, Gt = FTU{f} and G~ = F"~.

If F' # 0 we choose f' € F' and define G° = FO U {f}, Gt = F*
and G- = F~\ {f'}.

c € E~: Analogously to the first case we have a € M and F' C F* such
that c+oc=(1+o0)a+ Ypep b. Let f =c—a.

If F' =0 we define G° = F°, Gt = F* and G~ = F~ U{f}.

If F" # 0 we choose f' € F' and define G® = FO U {f},
Gt =F"\{f'} and G- = F~.

Algorithm 2.7 Given sets B, C' and an exact sequence 0 — M — L —
K — 0 such that B is a g-basis of M and C' is a o-basis of K we construct
a o-basis of L by successive applying Algorithm 2.6 until we have an ezxact
sequence 0 — M' — L — 0 — 0 with a o-basis of M' = L.

Remark 2.8 Algorithm 2.7 gives an easy proof that every free module L
has a o-basis:

Let M = {a € L; oca = a} and B be a basis of M. Obuviously, [0, B,0] is
a o-basis of M and any set C C L which induces a basis of L/M induces
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a o-basis [0,0,C] of L/M (note that L/M is free). Algorithm 2.7 for the
exact sequence

(5) 0—-M-—L—L/M—0

leads then to a o-basis of L.

We recall the definition of a Mén-system as introduced in [2]. In the following
let A be a finite, partially ordered indexing set.

Definition 2.9 For every d € A let My be a module, £ a o-invariant
subset of My and ng : £ — @,q My a mapping. We call such a system of
triples (Mg, Eq,04)aca a Mén-system.

Let Ny = @, q My and Q) = > q(r+mn(r); 7 € &) C NJ. The Mén-system
I' is combinable, if the mappings ng can be extended to o-homomorphisms

(6) ng : (Ea) — Ny/ Q-

In this case I defines the module L = N/Q with N = @,cn My and Q =
Siealr +ny(r); r € &). We call L the combination of .

Algorithm 2.10 We show how to construct explicitly a o-basis of L from
o-bases of the modules My/(Eq).

We complete the ordering of A and may assume A ={1,...,n}. Fori e A

(7) Qi = i(r +n;(r); r€ &) < N;.

j=1
From [2] we know that the sequences
(8) 0 — Nie1/Qim1 — Ni/Qi — M; /(&) — 0

(with Ny = Qo = {0}) are exact. Starting with i = 1 and using Al-
gorithm 2.7 we successively construct a o-basis of N;/Q; from o-bases of
M; /(&) and N;_1/Qi—1. The algorithm ends for i = n and we obtain a
o-basis of L= N, /Qy.
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3 The Cyclotomic System

In this section we recall the definitions and the properties of the cyclotomic
module and the cyclotomic system. More details and proofs of the lemmata
can be found in [2]. For a subset S of a module M we write ¥.5 for 3 g s.
Further, let G4 = {1 <a < d; (a,d) = 1} and for each d > 2 we fix a subset
H,; C G, such that for all a € G4 either a € Hy or d —a € Hy. For instance
we can choose Hy = {1,...,[d/2|} N Gj.

Definition 3.1 For n € N we define the cyclotomic module Z(n) as fol-
lows:

If n = p prime then Z(p) = (Gp)/(EG)).

If n = q¢ = p* with o > 1 then Z(q) = (Ggpp) @ (Ap)/(EA,) with
A,={0,...,p—1}.

If n = q1---q. where q; are pairwise relatively prime prime powers then
Z(n)=Z(q) @ @ Z(q).

We define the operation of 0 on b € G4 by ob =d —0b and on a € A, by
oa =p—1—a. By this Z(n) becomes a module with an involution o.

Lemma 3.2 We have Z(n) = (G,,)/ R, where the submodule R,, of (G,) is
generated by &, = {s(n,p,a); p|n with p prime, a € G,/,} with

9) s(n,p,a) =X{z € Gp; v =amod (n/p)}.

Remark 3.3 The isomorphism in Lemma 3.2 can be described explicitly:
We arrange the prime factors p; of n such that n = pi™* -+ - pi*pii1 - - - pr with
a; > 1 fori=1,...,t. Further, we set ¢; = p;" ifi =1,...,t and ¢; = p;
else. Let

(10) S =Gojp X Apy X - X Gy pp, X Ap, X G X oo X G,

Pi+1

It is obvious, by the definition of the tensor product, that Z(n) is isomorphic
to (S) modulo suitable relations. We obtain S = G, by a combination of
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isomorphisms &; and n in the following way:

Gam X Apy Xooo X Gopp, X Ay, X Gpyy X x Gy,
—— ——
L& L& Lid L
(11) G X e X Gy, X Ggy X% Gy
In
Gn

The maps & fori=1,...,t are explicitly given by & (b, a) = ap¥™ ' +b. The
map 1 is defined by the Chinese remainder theorem, that means n~' is the
map a — a mod ¢; in each component Gy, i =1,...,r. |

Definition 3.4 For d € N let My = (Gq). If d is not a prime we denote
by &4 C My the set of the sums s(d,p,a) as in Lemma 8.2. For d prime we
define Eg = 0. On &g we define the mapping

—[d/p;a] if p*|d
12) ng4: €&, M, s(d,p,a _ [a/p; . §
( ) d d_)t;’ééd t ( p )H{ [d/p,p 1&]—[d/p7a] prQ/{/d
where [m; x] denotes y € Gy, with x =y mod m.

Forn € N we call the Mén-system I'(n) = (Mg, £q,04)apn the nth cyclotomic
system.

Lemma 3.5

(a) T'(n) is combinable. We denote by L(n) the combination of I'(n).
(b) Let n > 2 and r be the number of prime factors of n. Then we have:

' FZ -1 ifn % 2 mod 4
o =4 oo ’
(i) H%(o,L(n)) { FZ 7  if n=2mod 4.

F? " if n 2 2mod 4,
F2 "1 if p =2 mod 4.

@) #7(o.0) = {

(¢c) The sequences in (8) for the cyclotomic system split over o (with one
exception for n = 4). This has especially the consequence that in
Algorithm 2.6 only the case F' = () occurs.
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(d) The sequence
(13) 0 — T(n) — L(n)/(1 —0o)L(n) &> D™ -1

where T'(n) is the torsion group of L(n)/(1 — o)L(n), is ezact. The
homomorphism i is defined by the maps pig : Gg — D™, a — 1 — €&
for dln where €4 is a primitive dth root of unity such that e; = ei/d

whenever d|t.

—

(e) Let K" = apn,azn DWW We call D™ = D™ /K™ the group of
nth relative cyclotomic numbers. Then for n # 4 we have an exact
sequence

(14) 0— T(n) = Yn)/(1—0)Y(n) % DM -1
where Y (n) = M, /(&,) with M,, and &, as in Definition 3.4.

Table 1: Some examples of o-bases

module o-basis

<G2> [(2)7 {1 ) (Z)]

(Gp), p# 2, p prime | [H,,0,0]

Z(2) 0,0, 0]

Z(p), p#2,pprime | [{2,...,(p—1)/2} 0, XH,)

Z(4) [0,0,{(1,0)}]

Z(q), q=p" a>1, | [{(ba); b€ Hyp, 1 <a <p},0,0]
p prime, q # 4

Note that we can construct with Algorithm 2.10 a o-basis of £(n) by o-
bases of the modules Y (d) for d|n. Using the isomorphism of Lemma 3.2
and Algorithm 2.4 we are able to construct o-bases of the Y (d) with the
o-bases from Table 1.

4 Ennola Relations

In this section we have a closer look to the exact sequence (13). Note that
the norm relations as in (1) are implicitly in (13) given as the relations of
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the form s(d, p, a) + n4(s(d, p,a)) in the definition of £(n). The relations of
(2) correspond to factoring (1 — o)L(n).

Algorithm 4.1 We construct Ennola relations for D™ performing the fol-
lowing steps.

1. With the algorithms of Section 2 compute a o-basis [E°, EY, E~] of
L(n).

2. Fach element of E~ gives by Lemma 2.2 a nontrivial element of T'(n)
which is via the mapping i in (13) a relation in D™,

Note that Algorithm 4.1 has been implemented in a C++ extension of the
computer algebra system SIMATH [8]. A description of the implementation
and examples can be found in [3].

The smallest number where 7'(n) is nontrivial is n = 60. An Ennola relation
in D) is

—1 . _
(15)  (1—ceo) (1—cf) (1—e]) (1—es) ' (1 —era) " =15
where ¢ = ¢"/? for d|n.

Theorem 4.2 Forn > 2 let r be the number of prime factors of n and

C_{Q’"l—r for n # 2 mod 4,

(16) 22 —r+1 for n=2mod 4.

Then there exist in D™ exactly 2¢ — 1 different Ennola relations which are
generated by c relations. More exactly, we have elements dy,...,d. in the
free group generated by the set {1 — €%; d|n, a € G4} such that the Ennola
relations are of the form [[¢_, d% with &; € {0, 1}.

The d; fori=1,...,c can be constructed explicitly with Algorithm 4.1.

Proof: Let [E°, ET, E~| be a o-basis of £L(n). Then we have by Lemma 2.2
¢ = |E~|. Because |E~| is the dimension of H'(o, L(n)) the claim follows
from Lemma 3.5. a
As noted in Lemma 3.5, we see that in the process of constructing a o-basis
of L(n) in Algorithm 2.6 for n > 4 always the subcase F’ = () happens.
So we can force T'(d) C T'(n) for d|n and get immediately the following
corollary:.
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Corollary 4.3 Let D) = (Jsen DY, Then there exist elements dy, dy, . . .
in the free group generated by the set {1 —€%; d € N, a € Gy} such that the
Ennola relations are of the form [1c; d% with 6; € {0,1} where I is a finite
subset of N.

The d; for i € N can be constructed explicitly with Algorithm 4.1.

A closer look to the explicit structure of the Ennola relations is given in the
next section.

—

5 Ennola Relations in D™

Let n # 4. We write n = ¢; - - - ¢ where the ¢; are relatively prime prime
powers.

Lemma 5.1 The torsion group T'(n) in (14) is isomorphic to Z/2Z in the
following two cases:

rodd, r # 1 and n = u,
(17)

rodd, r#1 and n = 4u

where w s odd and square free. In all other cases f(n) is trivial.

Proof: By Lemma 2.2, T(n) is generated by the set E~ where [E°, BT, E]
is a o-basis of Y'(n). If n = p is a prime then Y (p) = (G}) and Table 1 shows
E~ = (. In the other cases we have by Lemma 3.2 Y (n) & Z(¢;)®- - -®Z(q,).
Here, Lemma 2.5 shows how we obtain a o-basis of Z(n) by o-bases of the
Z(q;) which are given in Table 1. Note that E~ = ) if for at least one of
the o-bases [E?, ), E7] of the modules Z(g;) we have E;” = (). O

Theorem 5.2 The relations in the group of relative cyclotomic numbers
D@ = DM /K™ gre the obvious relations (as in (1) and (2) ) and in the
cases of (17) Ennola relations.
Ennola relations are given implicitly by the set T(n) in (14) and can be
explicitly written as
(18) IT(—e)e k™

a€Vn
where V,, = H, x --- x H, such that a = b; mod ¢; for all a € V,, and
1=1,...,7.
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Proof: Lemma 5.1 describes f(n) and how it can be constructed explicitly
from a o-basis of the modules Z(¢;). The isomorphism in Remark 3.3 shows
(18). O

6 Stickelberger Elements

Let I,, be the ideal generated by the Stickelberger elements

(19) 0(a) = Z (—at/n)yT™*

T€G,

and w, = X2G,, for n odd and w,, = %EGH for n even. There is a strong
connection between the relations of cyclotomic numbers and the relations
between Stickelberger elements (see [5], [7], ...). In the context here, in
analogy to the exact sequence (13), the sequence

(20) 0—T'(n) — L(n)/(1+0)L(n) — I/{w,) 50

is exact where the homomorphism 7 is defined by the maps v, : G4 — I,,,
a— O(an/d).

This situation can be handled as in the case of cyclotomic numbers. We
denote the elements of 7"(n) as Ennola relations.

Algorithm 6.1 We construct Ennola relations for I/{w,) performing the
following steps.

1. As in Algorithm 4.1, compute a o-basis [E°, ET, E~] of L(n).

2. Each element of E* leads to a nontrivial element of T'(n) which is
via the mapping U in (20) a relation in I,,/{wy).

Theorem 6.2 Forn > 2 let r be the number of prime factors of n and

2r=1 —1 for n # 2mod 4
;o )
(21) ©= { or—2 for n = 2 mod 4.

Then there exist in I,,/{w,) exactly 2¢ different Ennola relations which are
generated by ¢ different relations. These relations can be constructed ex-
plicitly with Algorithm 6.1.
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As an example, we show here an Ennola relation for n = 15. We have
(22) 0(1)+0(7)—6(3) —0(5) =0.

Remark 6.3 There is no canonical definition of a “relative Stickelberger

ideal” as there is one for relative cyclotomic numbers. However, we can

investigate the torsion group T'(n) of Y(n)/(1+ 0)Y (n) and get in analogy

to Lemma 5.1 the following result:

The torsion group T\’(n) is isomorphic to Z/2Z in the following two cases:
r even and n = u,

(23)

r even and n = 4u

where u is odd and square free. In all other cases T\’(n) 15 trivial.
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